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T H E R M A L  D I F F U S I O N  IN A P A C K E D  C O L U M N  

V.  M.  D o r o z u s h  a n d  G.  D. R a b i f i o v i c h  UDC 533.735 

A performance analysis is presented for packed thermal-diffusion columns; a method is given 
for determining the Soret coefficient for a packed column, and test  resul ts  are presented. 

A packed thermal--diffusion column is a form of gravitat ional  Clausius-Dickel column in which the packing 
in the gap affects the convection and hence the separation. 

In the f i rs t  experiments  on packed columns [1-3], it was found that the degree of separation is much 
larger  than for the unpacked case with the same gap. and that the separation increases  as the gap is reduced 
and the packing density increases .  It was found that the time needed to attain the equilibrium state (a very 
important parameter)  was very large and increased with the packing density. 

The thermal  diffusion in a packed column has been discussed theoretically [4], and recently this theory 
has been improved substantiaUy [6], where it was stated that the hydrodynamic behavior in a packed column 
should be described by the infiltration equation 

k 
w = --  - -  (grad p -t- Pg), il) 

11 

where w is not the actual velocity in the pores,  which is a distinction from the Navier -S tokes  equation used in 
[4], but some effective velocity. In what follows, we re ta in the  symbols and terminology used in [7]. The theory 
of gravitational thermal-diffusion columns presented there indicates that the coefficients in the t ransport  equa- 

x 
tion are expressed in te rms  of the flux function @(x) = -p  f wzdx, which takes the following form on the basis  of 
(1) in the sampling mode: o 

r  (rx kp~gf~ATx ( X _ i )  . (2) 
B8 2n . - T , 

F r o m  (2) we get the following expressions for the t ransport  coefficients in a packed column by analogy with an 
unpacked one: 

60~ H*(1 --~sAT ) t (3) 
H =  88 2 

3024k25' DefD K*- [ 1-- 56 xsAT + ~18 (xsAT)~]J, (4) 

K.= 7'k___~ ~ __O K:~shT( l_XS~r  ) ,  (5) 
2~ 4 Def 

Kd Def Kd. (6) 
D 
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H e r e  an a s t e r i s k  denotes  the c o r r e s p o n d i n g  quanti ty for  an unpacked co lumn  with the same  gap but opera ted  
without  sampl ing .  Since the p r o c e s s  is opera ted  in a porous  med ium,  the o rd ina ry  diffusion coef f ic ien t  has  to 
be r ep laced  by the ef fec t ive  diffusion coef f ic ien t  Def in the porous  med ium,  al though the exac t  re la t ionsh ip  to 
the o rd ina ry  diffusion coef f ic ien t  has  not been es tab l i shed  [9]. The re la t ionsh ip  m o s t  c o m m o n l y  employed  is 
that  g iven by Sat te r f ie id  and Sherwood [10]: 

_e D. (7) D f =  

If  the po rous  med ium is a powder ,  the f a c t o r  } v a r i e s  in the range 1 .5-2 ,  w h e r e a s  fo r  a porous  med ium with 
ve ry  sma l l  p o r e s ,  such as  a c a t a ly s t ,  the f a c t o r  exceeds  2. We see f r o m  (3) and (4) that H is dependent  only 
on one c h a r a c t e r i s t i c  of the packing,  namely ,  the pe rmeab i l i t y ,  while Kc is dependent  on the po ros i ty  and the 
p r e v i o u s  f a c t o r  via Def. It would appear  that in [6] an e r r o r  was  made  in the d i f fus ion equat ion on incorpora t ing  
the veloci ty  ef fec t ,  and t h e r e f o r e  H d i f fe rs  by a f a c t o r  e f r o m  (3), while K c d i f fe rs  by a f ac to r  e 2 f r o m  (4). In 
what  fol lows,  we a s s u m e  that  the s a m p l e s  a re  so sma l l  that  the quant i t ies  in the b r a c k e t s  in (3) and (4) a re  
equal  to 1, while Kcr may  be neglected.  Since the op t imum gap in an unpacked co lumn is about 0.25 mm,  while 
that fo r  a packed co lumn  is usual ly l a r g e r  by an o r d e r  of magni tude ,  it is of i n t e r e s t  to c o m p a r e  the p e r f o r -  
mance  of the two types ;  the p e r f o r m a n c e  is defined in t e r m s  of p a r a m e t e r s  such as the s epa ra t ion  f ac to r ,  
p roduc t iv i ty ,  t ime to a t ta in  a g iven concen t r a t i on ,  and ef fec ts  of p a r a s i t i c  convect ion .  

The following e x p r e s s i o n  can  be g iven fo r  the loga r i thm of the d e g r e e  of s epa ra t ion  in a packed co lumn 
without  sampl ing :  

In q-~- tj~ = 56~ De_~f . k 
252 D k ~ + 120q~ 2 y~ ' (8) 

whe re  

q: = r  ~1D Def 
p[~gfAT D (9) 

Then  (8) has  its m a x i m u m  value at 

kma x = ]/'120q~. 

TO es t ima te  kma x we use the values  fo r  the quant i t ies  c h a r a c t e r i s t i c  of l iquids: ~ = 10 -3 N.  s e c / m  2, D = 10 -9 

m 2 / s e c ,  fl = 10 -3 deg -1, p = 103 k g / m  3, AT = 50~ 5 = 2 . 5 . 1 0  -3 m,  while the ef fec t ive  diffusion coeff ic ient  
fo r  a packing cons i s t ing  of g l a s s  ba l l s  was  taken as Def = 0.25]3. Subst i tut ion of these values  into the e x p r e s -  
s ion fo r  kma x g ives  kmax ~ 2 �9 10 -12 m 2, arid if k _> 10kmax;  as  is usual ly the case  in p r a c t i c e ,  then (8) can be 
put with an e r r o r  of 1% as  

56"- Def Y:. (10) 
Y~ = 252--k- " ~D-- 

We subst i tute  into (10) the d i m e n s i o n l e s s  length of a co lumn having the op t imal  gap f r o m  the fo rmula  y~ = 
(5~ ~ where  the s u p e r s c r i p t  z e r o  denotes  the p a r a m e t e r s  fo r  an unpacked column,  and then we wr i te  the 
condit ion fo r  the deg ree  of s epa ra t ion  for  the packed co lumn to be the same  as that fo r  the unpacked one, Ye = 
y~ which c o r r e s p o n d s  to a pe rm e a b i l i t y  of 

k___ 552 Def ( ~ ) ~  
25--~ " - b - -  " (11) 

If  we subst i tu te  the above values  into (11),  w e  get k = 3 �9 10 -12 m 2, and this can be at tained with a packing c o n -  
s is t ing  of s p h e r e s  of d i a m e t e r  80-100 g. T h e r e f o r e ,  a packed co lumn can give a deg ree  of s epa ra t ion  l a rge r  
than that  f o r  an unpacked co lumn with the op t imum gap if the pe rmeab i l i t y  and gap in the packed co lumn a re  
smal l .  If the two co lumns  a re  to have ident ical  output,  ~ = ~0, not only mus t  the s epa ra t ion  f ac to r s  be equal ,  
but a l so  the d i m e n s i o n l e s s  sample  s i zes  z = z ~ mus t  be equal  [7], which impl ies  that H = H ~ 

However ,  s ince  we have 

the latter condition gives 

(0) (3 ) 
H =  6" ~-  ~ -  H~ (12) 

k:50  I13/ 
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which in conjunction with (11) gives 

 B/k6o/ 21 D 

We see f rom (14) that a packed column should have a pe r ime te r  l a rger  by 20-30 t imes than an unpacked one in 
order  to provide the same output. 

The t ransient  response is defined by pa rame te r s  Ye and 0 [7]; if Ye and yO are  the same,  identical concen-  
t rat ions will be attained af ter  equal dimensionless  t imes 0 and 0 ~ 

However,  we have 

0 =  25 Def ( 6  0 '~' T 21-T --D-- k T /  oo, (15) 

so for  the rat io of the t imes in these columns we have 

T/~ ~ ~ (6/6~ ~. (16) 

We now compare  the effects of parasi t ic  convection in packed and unpacked columns without sampling on 
the basis of [7, 8]; the paras i t ic  convection is very  muchdependent  on ~v~Ve, and if we compare  columns with 
ident ical  separat ion fac tors ,  the effect f rom paras i t ic  convection will be dependent on the relation between the 

d i m e n s i o n l e s s  values for  the result ing paras i t ic  flows. 

It has been shown [7] that the paras i t ic  sampling fac tor  in an unpacked column is 

z ~ = (~" =15 ~(hT)~ (17) 
" H o s(AT) ~ ' 

and the mean speed of the paras i t ic  flow is 

F r o m  (2) we have for  a packed column that 

--o 4-~o (OT) ~ w,, = (18) 
AT 

6 
- -  2 ~ gf~pATk 
w ~ j wz dx -- , (19) 

4q 
6 

while  for  the paras i t ic  sampling we have by analogy with (17) and (18) that 

6T 
~ = 6 - - -  (20) 

s (AT) ~ 

With an accuracy  sufficient for  pract ica l  purposes we can assume that 

(6T) = A AT. (21) 
5 

Then for given identical eccentricities and temperature differences for the two columns, the ratio of the para- 
sitic sample values will be 

• 0.4 60 . (22) 
0 -- 6 Zn 

Therefore, the parasitic-sampling factor for a packed column is larger by a factor 10-25 than that for 
an unpacked one, and so parasitic convection should be virtually absent in a packed column. 

This comparison indicates that the absence of parasitic convection is a major advantage of a packed 
column; if the parasitic convection in an unpacked column is appreciable, this reduces the advantage as regards 
the other parameters, and a packed column may be extremely useful in certain instances. For example, one 
expects that the separation of isotopic mixtures in a packed column would be better, since the parasitic con- 
vection in an unpacked column is particularly important when the thermal-diffusion constant is small [7]. 

Tests have been performed [5, 11-13] on the Emery-Lorenz theory [4]; qualitative agreement was found, 
although none of the experiments were carried through to the steady state, in which the concentration changes 
would have been large. On the other hand, the parameters of the mixtures, and, in particular, the Soret 
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T A B L E  I .  Co lumn  C h a r a c t e r i s t i c s  and Work ing  T e m p e r a t u r e s  

Column I r.103.m 
I 
!' 

1 !15,010 
I 

2 ! 15,015 

5.10% Ill 

2,52 
2,03 

Me. g 

33,5 
18,5 

L, Ffl !l d. lO% m k ,m 2 

0,33 ~230--300 4,7.10 - i t  
0,33 I 80--120] 5,35.10 -x2 

~, ~K PAT, :C 

313 i 50 
313 ] 50 

1 

T A B L E  2. C h a r a c t e r i s t i c s  of B e n z e n e - C C l  4 M ix tu r e  at  T = 313~ * 

ft. 103, N-sec/ ~.103, deg_l P" 10_3 , kg/m 3 C O (wt. fract, of; ID 109, mZ/sec m z 
CCl,~ 

0,33 ] 2,32 ! 0.541 i l, 19 i 1,008 

* Diffusion-coefficient data from [19]; the viscosity, density, and volume expansion 
coefficient were measured in our laboratory. 

c o e f f i c i e n t s ,  w e r e  s u b s t a n t i a l l y  dependen t  on the c o n c e n t r a t i o n s ,  and s o  s u b s t a n t i a l  e r r o r s  would r e s u l t  f r o m  
a v e r a g i n g  t h e m  o v e r  l a rge  c o n c e n t r a t i o n  r a n g e s .  In [11], the t h e o r y  was  t e s t e d  in the s a m p l i n g  m o d e ,  arid i t  
w a s  po in ted  out t ha t  quan t i t a t i ve  a g r e e m e n t  b e t w e e n  t heo ry  and e x p e r i m e n t  would not be  ob ta ined  in the a b -  
s ence  of s amp l ing .  We have  p e r f o r m e d  quan t i t a t i ve  t e s t s  on this  t h e o r y  by the n o n s t a t i o n a r y  me thod ,  which  i s  
of c o n s i d e r a b l e  advan tage  with  p a c k e d  c o l u m n s  on a c c oun t  of the ve ry  much  r e d u c e d  t i m e  r e q u i r e d .  

The  t e s t s  w e r e  done wi th  two c y l i n d r i c a l  c o l u m n s ,  wi th  a c o n s t a n t  c o n c e n t r a t i o n  m a i n t a i n e d  a t  one end,  
which  was  equa l  to the i n i t i a l  v a l u e ,  whi l e  at  the o t h e r  end t h e r e  was  a vo lume  con ta in ing  a m a s s  of l iquid M e.  
The  c o n c e n t r a t i o n  change  in th i s  vo lume  at  s m a l l  t i m e s  has  been  g iven  p r e v i o u s l y  [18]: 

Hc(1--c)  ( 4 ) �9 V-mKv~-  + . . . .  (23) 

p lo t  in (Ac / - r )  -~f~- c o o r d i n a t e s  g i v e s  the s t r a i g h t  l ine 

..Xc 
--  h - -  n 1/-~, (24) 

T 

w h e r e  

h ~  

With  (3) arid (4) we ge t  f r o m  (25) tha t  

Hc (1 - -  c) 4 Hc (1 - -  C) l i n k  
; n = ~ ~ (25) 

Me 3 ]/-fi , I ;  

/ 1 5  ~Def h~ 6 
3-2"~e n 5Tcs(1--c)  (26) 

An advan t age  of th i s  me thod  is  that  one can  d e t e r m i n e  the So re r  c o e f f i c i e n t  i ndependen t ly  f r o m  the o r d i n a t e  h, 
a s  (25) shows ;  the e f f ec t ive  d i f fus ion  c o e f f i c i e n t  can  be d e t e r m i n e d  f r o m  (26) by m e a n s  of the Sorer  c o e f f i c i e n t  
a l r e a d y  ca ic u la ted .  

T a b l e  1 g i v e s  the c h a r a c t e r i s t i c s  of the  c o l u m n  arid a l s o  the w o r k i n g  t e m p e r a t u r e .  

The  w o r k i n g  p a r t  of the co lumn was  f o r m e d  by a l a y e r  of pack ing  of he igh t  33 c m ,  above  and be low which  
t h e r e  w e r e  f r e e  v o l u m e s  f o r m e d  by the dead  s p a c e s  in the co lumn and the s e a l i n g  e l e m e n t s .  The  top of the 
c o l u m n  was  l inked by a t h e r m a l  s iphon  to a v e s s e l  hav ing  20 t i m e s  the vo lume  of the c o l u m n ,  which  m a i n t a i n e d  
a c o n s t a n t  c o n c e n t r a t i o n  at  tha t  end.  The  v e s s e l  had a b e l l o w s  fo r  t r a n s m i t t i n g  the p r e s s u r e  f r o m  a c o m -  
p r e s s e d - a i r  c y l i n d e r .  The  b o t t o m  of the c o l u m n  a l s o  had a t h e r m a l  s iphon  l inked to a s m a l l  v e s s e l ,  f r o m  which  
the s a m p l e s  w e r e  t aken .  A p r e s s u r e  of 1 a t m  w a s  app l i ed  to the w o r k i n g  gap in o r d e r  to f a c i l i t a t e  the s a m p l i n g ,  
which  was  p e r f o r m e d  th rough  s p e c i a l  s a m p l i n g  d e v i c e s .  The  inner  c y l i n d e r  in the co lumn  w a s  h e a t e d ,  whi le  
the  o u t e r  one was  coo l ed  by w a t e r  supp l i ed  f r o m  a t h e r m o s t a t i c  s y s t e m .  The  s u r f a c e  t e m p e r a t u r e s  w e r e  m o n i -  
t o r e d  by 12 t h e r m o c o u p l e s  on the cold  s u r f a c e  arid one on the hot  s u r f a c e .  The  t e m p e r a t u r e  r lonuni formi ty  was  
judged  f r o m  the r e a d i n g s  of the coup le s  on the co ld  s u r f a c e ;  a v e r t i c a l  d i f f e r e n c e  was  found, which  did not  
e x c e e d  1~ irl c o l u m n  No. 1 o r  1.5~ in co lumn  No. 2. 

A b e n z e n e - c a r b o n  t e t r a c h t o r i d e  m i x t u r e  w a s  used ,  whose  S o r e t  coe f f i c i en t  has  p r e v i o u s l y  been  d e t e r -  
mined  wi th  c e i l s  [14-17],  whi le  the o t h e r  c h a r a c t e r i s t i c s  a r e  g iven  in T a b l e  2. The  a n a l y s e s  w e r e  p e r f o r m e d  
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TABLE 3. Separat ion of a B e n z e n e - C C l  a Mixture in a Packed Col -  
umn at T = 313~ and C o = 0.33 by Weight 

h , ~ , C  - L 

2,2.10-6 
3,74.10-7 

n,SeC --3/2  

3,8.10-s 
lO-lO 

Column 
No. 

[-~17] at S. lO., d~g-' 

T~313~K 

4,72 

[15, i 6] al: 
~-=298~K 

6, 7--7, 05 

I ourres. Def,'o 

7, 6-o,4 Io,,87_+olot  

b J i 3L_ b 
O /0o Z00 V'q 

Ac 16~ I 
-~-;," i 

z ~ . . . ~  - 

. I I .  ! , i �9 
fl . . . .  ! , ~ 
o Jo /00 /50 200 

Fig. 1. Relat ion of A c / T  (sec -1) to ~#~ (sec 1/2) for  columns:  
a) No. 1; b) No. 2. 

with an I T R - t  i n t e r f e r o m e t e r  using a ca l ibra t ion  curve  previous ly  constructed.  The e r r o r  of m e a s u r e m e n t  for  
the d i f ference  in r e f r ac t ive  index was  +6- 10 -~, which cor responded  to a concentra t ion change of 0.01%. 

The dissolved gas  was removed  f rom the mix tu re  before  filling the column; p re l imina ry  t e s t s  had shown 
that this ensured  reproducibi l i ty .  

The pe rmeab i l i ty  of the packing was  m e asu red  d i rec t ly  on the column by a c l a s s i ca l  technique under 
i so the rma  I conditions. 

P a r t s  a and b of Fig. 1, and a l so  Table 3, show the resu l t s ;  the Soret  coeff ic ient  and the effect ive d i f -  
fusion coeff icient  we re  calculated f rom (25) and (26), with co r rec t ion  for  the longitudinal diffusion in the case  
of column No. 2. 

The main contr ibution to the e r r o r s  in de te rmin ing  the Soret  coeff ic ients ,  which were ,  r e spec t ive ly ,  
4.5 and 5.5% for  the f i r s t  and second co lumns ,  a ro se  f rom the e r r o r  in measu r ing  the m a s s  M e at the ends. 
The values of the Sorer  coeff ic ient  calculated by this method for  the packed column were  somewhat  higher  
than those found with ce l l s  [14-17], which is a sc r ibed  to the minor  effect  of the pa ras i t i c  convection,  in a c -  
cordance  with the above.  

T h e r e  is en t i re ly  sa t i s fac to ry  a g r e e m e n t  for  the Soret  coeff icient  and effect ive-di f fus ion coefficient  as 
obtained f rom columns differ ing in gap and packing pe rmeab i l i ty ,  and so a packed column has an advantage 
over  cel ls  as a means  of de termining  the Soret  coeff icient ,  and this should be pa r t i cu la r ly  pronounced for  m i x -  
tu res  with low separa t ion  fac tors .  

N O T A T I O N  

c,  concentra t ion;  H* = sgp2f163(AT)2B / 6  !7; K~ = g2f12p36?(AT)213 / 9! ~2D; K~ = pBSD; Ye = H ' L / K * ;  0 --- 
H2T/mK,  x = a / H * ;  ~-, t ime;  p, densi ty;  fi, volume expansion coefficient;  AT, t e m p e r a t u r e  difference b e -  
tween hot and cold su r faces ;  B, gap p e r i m e t e r ;  ~?, v iscosi ty ;  D, diffusion coefficient;  Def, effect ive diffusion 
coeff icient ;  z,  ve r t i ca l  coordinate;  x, hor izontal  coordinate;  k, pe rmeab i l i ty ;  e, poros i ty ;  }, cor rugat ion  
factor ;  M e, m a s s  at posi t ive column end; L, column height; s,  Sorer  coefficient;  r ,  radius  of separa t ing  slit;  
5, gap width; A, eccen t r ic i ty ;  m = pBSe; ~, sample ;  w, effect ive velocity;  (ST), t e m p e r a t u r e  nonuniformity;  
d, bal l  d i ame te r .  Indices:  *, unpacked column; 0, unpacked Column with opt imum gap 6~ p, pa ras i t i c  convec -  
tion. 
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SOLUTION OF BOUNDARY-VALUE PROBLEMS OF 

HEAT CONDUCTION FOR CYLINDRICAL REGIONS 

WITH NONCIRCULAR BOUNDARIES 

D. u Byalik and Yu. I. Solov'ev UDC 536.24 

We employ the principle of superposi t ion to obtain the solution of s ta t ionary  heat-conduct ion 
p rob lems  for  cyl indr ica l  regions with a nonc i rcu la r  boundary. 

We consider  the p rob lem of the s ta t ionary  t empe ra tu r e  dis tr ibut ion in an infinite cyl inder  with a non- 
c i r c u l a r  contour  

p = f (o), (1) 

where p, 0, and z a re  cyl indr ica l  coordinates  (the z axis coincides with the axis of the cylinder).  We as sume  the 
cyl inder  contour to be convex and smooth [the der iva t ive  f'(0) is continuous]. The known surface  t empe ra tu r e  
is constant  along the contour;  along a gene ra to r  of the cyl inder  it v a r i e s  as cos nz. 

Thus ,  we solve the following three--dimensional  boundary-value  p rob lem of the theory of heat conduction: 
Find a function u(p. 0, z) sat isfying Laplace ' s  equation 

Au = 0 (2) 

and the boundary condition 

u!.o=f(0) = cos nz (n = I, 2 . . . .  ). (3) 

To obtain such a solution we use the pr inciple  of superposi t ion (see [1]). in the space of the coordinates  
x, y ,  and z we se lec t  a new sys t em of coordinates  X, Y, and z, which depends on the p a r a m e t e r  2, and is de -  
fined by the expres s ions  

I 
X = x cos  2, + y s in  2`, 

Y = - - x s i n 2 `  § 9cos2`, 

2~---Z. 

(4) 
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